Results are presented for a two-point correlation function of a spin-chain after a quantum quench for an intermediate time regime where inelastic effects are weak. A Callan-Symanzik like equation for the correlation function is explicitly constructed which is used to show the appearance of three distinct scaling regimes. One is for spatial separations within a light-cone, the second is for spatial separations on the light-cone, and the third is for spatial separations outside the light-cone. In these three regimes, the correlation function is found to decay with power-laws with nonequilibrium exponents that differ from those in equilibrium, as well as from those obtained from quenches in a quadratic Luttinger liquid theory. A detailed discussion is presented on how the existence of scaling depends on the properties of the initial state before the quench.
I. INTRODUCTION
Motivated by experiments in cold atomic gases 1 and ultra-fast spectroscopy of strongly correlated materials 2, 3 , the nonequilibrium dynamics of interacting quantum systems has become a topic at the fore-front of research. In this context, dynamics arising due to a quantum quench, where a system is prepared in the ground state of an initial Hamiltonian H i , and then time-evolved with respect to a final Hamiltonian H f , is of particular interest because of its potential for addressing several fundamental questions 4 . Some of these are, the mechanisms and time-scales for thermalization [5] [6] [7] [8] [9] [10] [11] , the possibility of an intermediate time prethermalized regime [12] [13] [14] [15] , dynamical phase transitions associated with non-analytic behavior during the time evolution 16, 17 , dynamics of integrable models [18] [19] [20] [21] [22] [23] [24] [25] and the possibility of describing their steady-state in terms of a generalized Gibbs ensemble (GGE) 26 . Yet another important question, which is related to the topic of this paper, is the appearance of universal behavior in the dynamics with the possibility of capturing such a behavior in a renormalization group (RG) approach, even though the system is out of equilibrium.
An RG approach has been actively used to study nonequilibrium time-evolution after a quench in classical field theories 27, 28 . The aim of this paper is to develop an RG approach to study nonequilibrium timeevolution of correlation functions in interacting quantum field theories. So far the establishment of universal scaling functions in quantum systems that are out of equilibrium either due to a sudden quench or a "slow" quench that involves changing parameters in a prescribed time-dependent way, has been mainly explored for exactly solvable or mean field theories 29, 30 , or in numerical studies of interacting field theories [31] [32] [33] . In the present paper on the other hand we present an analytical RG approach to study how a correlation function evolves after a quantum quench in an interacting field theory. In doing so a Callan-Symanzik (CS) like equation for a two-point correlation function is derived which is used to explicitly show under what conditions scaling holds out of equilibrium, and is used to identify intrinsically nonequilibrium scaling regimes with new exponents.
We study a quantum quench in a generic one-dimensional spin-chain
+ n.n.n. where n.n.n. denote additional next-nearest-neighbor couplings. We study the dynamics in a continuum field theory described by the quantum sine-Gordon model with the cosine potential representing the underlying commensurate lattice or periodic potential 34 . In particular we study the time-evolution of the two-point correlation function of the staggered spin component R(r, T m ) = (−1) r ψ i |e iH f Tm S z 0 S z r e −iH f Tm |ψ i where |ψ i is the ground state of the Hamiltonian H i before the quench, H f is the Hamiltonian after the quench, T m is the time after the quench and r is the spatial separation between spin operators. We find that when the quench involves the sudden switching on of the cosine potential, then in the vicinity of the critical point where the cosine potential is a marginal perturbation in equilibrium [35] [36] [37] , out of equilibrium three distinct scaling regimes appear for macroscopic distance and time scales r, T m ≫ 1 (we have set the sound velocity u = 1, and the distances and times are measured in units of an ultra-violet (UV) cutoff). One of the scaling regimes is for spatial separations outside the light-cone (r ≫ 2T m ) where we find R(r, T m , r ≫ 2T m ) ∼ √ ln Tm r
. The second scaling regime is for spatial separations inside the light-cone r ≪ 2T m where we find R(r, T m , r ≪ 2T m ) ∼ √ ln r r . The third scaling regime is for spatial separations on the light-cone r = 2T m where we find R(r, T m , r = 2T m ) ∼ ln r r . For more complicated quenches which involve not only a sudden switching on of the cosine potential, but also a change in the Luttinger interaction parameter from K 0 → K, we find that the scaling within the light-cone survives, where the correlation function is found to be R(r, T m , r ≪ 2T m ) ∼ (ln r) θ r where θ is a universal num-ber that approaches 1/2 as K 0 → K. In addition we also find that the existence of scaling in the other two regimes, one being outside the light-cone (r ≫ 2T m ), and the second being on the light-cone r = 2T m depends on the initial wave-function. In particular if the initial Luttinger parameter K 0 is such that the cosine potential is a relevant or marginal perturbation, scaling holds on the light-cone. Whereas scaling on the light-cone is violated when the cosine potential is an irrelevant perturbation for the initial state.
This paper is organized as follows. In Section II we introduce the model, establish notation and also briefly summarize the results. The rest of the paper goes into more details of how these results are obtained. In Section III we briefly present results for an interaction quench in the quadratic theory (the Luttinger liquid) in the language of Keldysh Green's functions. These results will be useful for later sections when we perform perturbation theory in the cosine potential. In Section IV, we perform perturbation theory in the cosine potential and derive the β-function to two loop. In Section V we present results for the correlation function within perturbation theory to leading order in the cosine potential. These results then set the stage for doing renormalization improved perturbation theory which will be explicitly carried out in Section VI where a CS like differential equation for the correlation function is derived. Results of the solution of the CS equation are presented in Section VII for the case where only the cosine or lattice potential is suddenly switched on, while results for the correlation function for a simultaneous lattice and interaction quench are presented in Section VIII. Finally in Section IX we present our conclusions.
II. MODEL AND A BRIEF DISCUSSION OF RESULTS
We study a quantum quench in a generic onedimensional (1D) spin-chain where n.n.n. denote additional next-nearest-neighbor couplings. If the n.n.n. couplings are weak in comparison to the n.n. couplings, the spin-chain has two phases, a gapless phase with linearly dispersing spin-waves at long wavelengths, and a gapped antiferromagnetic Ising phase. In equilibrium and zero temperature the properties of the spin-chain in its gapless phase are captured very well by a continuum theory that retains only the relevant operators, namely the Luttinger liquid 34 . In contrast, the effect of irrelevant operators can be important both at finite temperature [38] [39] [40] [41] [42] [43] as well as out of equilibrium following a quench 8, 44 . In this paper we study the dynamics of the spin-chain in a continuum theory by retaining the effect of the leading irrelevant operator. For the spin-chain in its gapless phase, the leading irrelevant operator is a commensurate periodic or lattice potential which gives rise to Umpklapp or back-scattering. In this paper we study the effect of this term on the dynamics, we expect its effect will dominate over those of other irrelevant terms such as band curvature.
Specifically we study a quench where initially the system is in the ground-state of a Luttinger liquid
−∂ x φ/π represents the density, Π is the variable canonically conjugate to φ, K 0 is the dimensionless interaction parameter, and u 0 is the velocity of the sound modes. The system is driven out of equilibrium via an interaction quench at t=0 from K 0 → K, with the leading irrelevant operator corresponding to a commensurate lattice or periodic potential V sg also switched on suddenly, at the same time as the interaction quench. This triggers non-trivial time-evolution from t > 0 due to the quantum sine-Gordon model,
where
is a short-distance UV cut-off, g is the strength of the commensurate periodic potential. Note that both for the n.n. spin-chain as well as the n.n.n spin-chain, the low energy theory is represented by H f with γ = 4. However the precise values of the Luttinger parameter K and the strength of the cosine potential g depends on the microscopic details. For example, the point K = 1, g = 0 corresponds to the exactly solvable n.n. XX chain. Switching on n.n.n interactions can result in parameters where K = 1 but g = 0 45 . The versatility of H f is that it equally well applies to interacting bosons in a commensurate periodic potential 46 . For this case, γ = 2, while the point K = 1 corresponds to n.n. hard-core bosons or the Tonks-Girardeau gas. In this paper, in all our analytic results, we keep γ general so that the obtained results may be applied both to the spin-chain as well as to bosons in a commensurate periodic potential.
The ground state phase diagram of the quantum sineGordon model is shown in Fig. 1 . A critical line defined by δ = 2πg where, δ = K eq − 2, with K eq = γ 2 K 4 , separates a gapped phase where V sg is a relevant perturbation, from a gapless phase, where V sg is an irrelevant perturbation. For the spin-chain the gapped phase corresponds to the Ising phase, while for interacting bosons in a lattice, the gapped phase is the Mott insulator. .
In this paper we study the time-evolution of the equal time two-point correlation function of the staggered spin component
where T m is the time after the quench. In the continuum, this correlator is given by
In equilibrium, and in the gapless phase, but in the vicinity of the critical line where V sg is a marginal perturbation, logarithmic corrections arise. In particular R near the equilibrium critical point behaves as follows [35] [36] [37] ,
where r is the magnitude of the spatial separation x 1 −x 2 . The aim of this paper is to determine how the correlator R evolves after a quantum quench. We will study R in the regime where V sg is irrelevant or marginally irrelevant, where the meaning of these terms in a nonequilibrium situation will be clarified below. We now briefly outline how R is calculated for the nonequilibrium problem.
DenotingÔ(xt) = 2 cos
, R may be written as a Keldysh pathintegral representing the time-evolution from the initial pure state |ψ i (hence an initial density matrix ρ = |ψ i ψ i |) corresponding to the ground state of H i ,
which may be written as The equal-time correlator shows distinctly different behavior for the following three cases: spatial separations outside the light-cone (r > 2Tm), spatial separations on the light-cone (r = 2Tm), and spatial separations within the lightcone (r < 2Tm). The present paper gives results for correlation functions in these three regimes under the additional constraint that Tm < 1/η where η is an inelastic scattering rate.
(g=0),
and
with −/+ representing fields that are time/anti-time ordered on the Keldysh contour 48 . We derive a CS-like differential equation for R by splitting the fields φ into slow and fast fields φ = φ < + φ > where the fast fields have a large weight at short wavelengths, and therefore oscillate rapidly in time. We integrate out the fast fields, and rescale the cut-off, position and time. Such a procedure within the real-time Keldysh approach has been employed for the quantum sine-Gordon model both for steady-state 8,9,33 and transient behavior 17 , where in each case the β function was derived. Here we generalize this approach to the study of a two-point correlation function by performing a microscopic derivation of a CS like differential equation for the correlation function. This approach reveals the conditions under which scaling holds after a quantum quench, and identifies different scaling regimes. So far such a treatment has only been employed for quenches in classical field theories where intermediate time nonequilibrium scaling regimes with new exponents have been identified 27, 28 . Here we will show that similar new nonequilibrium scaling regimes can arise for quantum quenches of 1D systems. While interaction quenches in Luttinger liquids and related quadratic theories have been studied extensively 18, 20, 22, [49] [50] [51] [52] [53] , and predict new nonequilibrium exponents as well, in this paper we show that these exponents are further modified by the presence of the commensurate periodic potential V sg . For example when V sg is marginal, as briefly stated in the introduction, V sg gives rise to logarithmic corrections.
In a global quench like the one we study, the system is translationally invariant in space, so that R(x 1 T m , x 2 T m ) = R(r = x 1 − x 2 , T m ). We define the following three exponents which play an important role in the dynamics,
K eq governs the power-law decay of the correlator R in the ground state of H f 0 (i.e., the Luttinger liquid with interaction parameter K 0 and V sg = 0), K neq determines the power-law decay of R at long times after an interaction quench in the Luttinger liquid (V sg = 0) 8, 49 , K tr determines the crossover from a short-time behavior determined primarily by the initial Luttinger parameter
4 , to the long time behavior determined by K neq 17 . One of the results of our study is that the dynamics of equal-time correlation functions after a quench has qualitatively different features in the three regimes shown in Fig. 2 . One is the region outside the light-cone where the spatial separation r is much larger than the time after the quench (r ≫ 2T m setting the velocity u = 1), here the behavior of the correlator is primarily determined by the initial wave-function. The second is an intrinsically nonequilibrium regime where the separation r lies on the light-cone (r = 2T m ) and where we will identify universal behavior of the correlator R with new exponents. The third is a nonequilibrium steady-state regime where the spatial separation lies within the light-cone (r ≪ 2T m ). Here R is independent of time and shows scaling behavior in position with new nonequilibrium exponents which differ from those in the first two regimes just discussed. This qualitative change in the behavior of the correlators at r = 2T m is known as the "horizon effect" 54 where at time T m = r/2 left and right moving excitations originating from the same spatial region reach the two local observables, thus maximally entangling them.
The presence of these three regimes is already apparent in the behavior of R for an interaction quench in a Luttinger liquid (V sg = 0). Here (writing r, T m in units of Λ) for r, T m ≫ 1 and far from the light-cone (|r ± 2T m | ≫ 1) one finds 17, 49 ,
R shows the "horizon-effect" where outside the light-cone r ≫ 2T m , the correlator depends only on the initial wavefunction (and hence the initial Luttinger parameter K 0 ) albeit with a time-dependent prefactor T Ktr/2 m . However within the light-cone r ≪ 2T m , the correlator reaches a steady-state characterized by the nonequilibrium exponent K neq . Moreover, on the light-cone the correlator is found to decay as
. When V sg = 0, using RG improved perturbation theory, we will show that this distinct behavior of R outside, on and inside the light-cone survives with exponents that differ from the ones above. It is interesting to contrast this behavior with that of a correlator in a quench from an initially gapped state 24, 54 . For the latter the horizon effect is more pronounced as R is exponentially suppressed in position outside the light-cone. In contrast for our case, where the quench is from an initially gapless state, the change in the behavior of R from outside the light-cone to inside is less dramatic as the correlators both outside the light-cone and inside decay as power-laws in position.
Before we give results for the correlator, we first discuss the β-function obtained from gradually lowering the cut-off from the bare value of Λ 0 to Λ 0 /l. The actual derivation is presented in Section IV. Integrating out the fast modes generates corrections not only to the Luttinger liquid parameters of the Hamiltonian after the quench (H f 0 ), but also generates new terms whose physical meaning is inelastic scattering. Moreover the β-function depends in general on the time after the quench because the strength of the corrections arising due to the commensurate potential together with the effect of the K 0 → K quench depend on this time. Expressing time in units of the cut-off, the β-function is found to be
Above T m is the rescaled time after the quench where the rescaling with the changing cut-off in Eq. (19) is similar to the rescaling of position or frequency, the latter applicable for a system in steady-state. Moreover Eq. (19) implies that T m is related to the bare physical time T m0 as T m = Tm0 l . This relation suggests that the time after the quench qualitatively acts as an inverse UV cutoff so that the larger is the time after the quench, the more important is the role of the long wavelength modes on the dynamics 55 short time regime where the scaling dimension of
− 2 and therefore depends on the initial Luttinger parameter K 0 , to a long time steady-state regime where the periodic potential V sg has a nonequilbrium scaling dimension K neq − 2. In the ground state of H f , the scaling dimension of V sg is K eq − 2, and since K eq < K neq , the periodic potential at long times is always more irrelevant for the nonequilibrium problem. Thus the location of the critical point at steady-state (T m = ∞) shifts from K eq = 2 to K neq = 2. Physically this is because the interaction quench K 0 → K gives rise to a highly excited state of bosons which cannot be localized by the periodic potential as easily as when they are in the zero-temperature ground state. A consequence of the change in the scaling dimension with time from K neq + K tr − 2 to K neq − 2 is a qualitative change in the two-point correlation function from outside the light-cone to inside the light-cone, an effect which will be discussed in detail later.
Equations (17), (18) show that the notion of relevance or irrelevance should not be taken literally out of equilibrium as even when the cosine potential is irrelevant, it can cause the generation of new terms after a quantum quench. These terms are an inelastic scattering rate η which can be identified by the generation of quadratic corrections to the Luttinger liquid theory of the form η(T m )φ q ∂ Tm φ cl (T m ). The second new term is a noise for the long wavelength modes of strength η(T m )T ef f (T m ) which corresponds to the generation of corrections to the Luttinger liquid theory of the form η(
Note that for T m = 0, all the corrections I K,η,T ef f vanish as the effect of V sg vanishes, while for T m ≫ 1, I K,η,T ef f take steady-state values implying that the dissipation and noise reach steady-state values. Thus at long times, the low energy effective theory is a classical theory characterized by an effective-temperature T ef f , and a classical fluctuation-dissipation theorem is obeyed with a dissipation strength of 8 η.
An interaction quench in a Luttinger liquid (V sg = 0) generates a highly nonequilibrium occupation of the bosonic modes which does not relax. However in the presence of V sg , the occupation probability of these bosonic modes is no longer conserved, and a nonzero η represents the rate at which the occupation probability of the long-wavelength modes relax. Here by η we imply the dissipation strength at long times (T m ≫ 1). Thus 1/η is a natural time-scale associated with the quench, which is the time after which inelastic scattering events become strong and cause a significant deviation of the bosonic occupation probabilities. Thus the β function implies that the dynamics after a quench has three regimes shown in Fig. 3 . A short time regime T m ≪ 1 where the dynamics depends on microscopic details and can be easily treated within perturbation theory. The second is an intermediate time prethermalized regime where the time is long as compared to microscopic time-scales, while short as compared to the dissipation-rate 1 ≪ T m ≪ 1/η. In this regime inelastic effects are weak. Using RG improved perturbation theory, we will show that the twopoint correlation function R shows universal behavior in this intermediate time regime, where the precise universal behavior also depends on the magnitude of the spatial separation relative to the time after the quench (horizon effect). Finally there is a third regime which we label the thermal regime T m ≫ 1/η where inelastic effects are strong and lead to eventual thermalization. Since for small quenches
, the intermediate time prethermalized regime can be quite large. In this paper we will give results for the correlation function in this intermediate time regime where universal dynamics characterized by a CS-like differential equation will emerge. The dynamics in the thermal regime is also interesting to explore, and will be discussed elsewhere.
Note that in the nonequilibrium problem, the term irrelevant simply implies that the strength of the perturbation decreases under RG transformations so that perturbation theory in g is valid. In addition, the meaning of the leading irrelevant operator in the nonequilibrium problem is the same as in equilibrium in that it is the coupling constant that decreases under RG the slowest. For example, under RG (and at long times), the coupling strength g for the potential cos(γφ), according to Eq. (15), decreases as l 2−Kneq . This is a slower decrease than that for the perturbation of the form cos(2γφ) which decreases as l 2−4Kneq . Under RG transformation, the coupling constant for the band curvature (∂ x φ) 3 will also decrease faster than that of V sg for the values of K neq that we are concerned with in this paper. Thus while these other irrelevant terms will also give rise to additional inelastic scattering, these will only be small corrections to the inelastic scattering rate already produced by V sg .
Eq. (15) shows that in the prethermalized regime, there is a crossover from an intermediate time dynamics where the physics is determined by the initial wave-function (and hence the initial Luttinger parameter K 0 ) and a long time time dynamics determined by K neq . This can result in a situation where perturbation theory in g is violated at intermediate times when
< 2 i.e., when g is a relevant perturbation in the initial state. In Section V and VIII we show how this happens and what it implies. Throughout this paper we will present results close to the critical point defined by
where V sg is marginal and can give rise to logarithmic corrections to scaling. We now outline how the CS-like differential equation is derived, this is a summary of the more detailed calculations presented in Section VI. We derive the CS-like differential equation for R by integrating out fast modes gradually and in the process lowering the cut-off from Λ → Λ/l = Λ − dΛ. This leads to a relation of the form
where R < is the correlator for the slow modes while R is the correlator for all the modes. To get an idea for what to expect, let us carry out this exercise for the quadratic theory after the quench (g = 0). Here for time T m after the quench the following relation between the correlator for the full and the slow modes emerges
The above expression implies the following differential equation
Eq. (23) shows that there are three scaling limits where γ an,0 becomes independent of r, T m . One is within the light-cone 2T m ≫ r ≫ 1 where γ an,0 = K neq /2. The second is outside the light-cone r ≫ 2T m ≫ 1 where also γ an,0 = K neq /2, while the third is on the light-cone r = 2T m , r ≫ 1 where γ an,0 = (K neq − K tr /2) /2. We now discuss the correction to R to next order in g where logarithmic corrections arise in the vicinity of the critical point. At next order in the cosine potential (at O(g)), in terms of slow and fast fields, we find
where I C is discussed below. To quadratic order, the correction R (2) leads to the β function which has been discussed above. Eqs. (22), (24) and the β function imply the following CS like differential equation for R,
above T m0 is the time after the quench, while r is the spatial separation between the local operators. g i = g, δ, η, T ef f , are coupling constants while γ an,0 − 2πgI C is the anomalous scaling dimension of the correlator. For macroscopic lengths and times where rΛ0 l ≫ 1, Tm0Λ0 l ≫ 1, I C , γ an,0 are constants independent of position and time.
We make a simplifying assumption of being in the prethermalized regime 1 ≪ T m0 ≪ 1/η. Here the new coupling constants related to dissipation and noise may be neglected and the β function becomes much simpler. On integrating Eq. (25) upto l * = Λ 0 min(r, T m0 ), one may relate the correlator at long times and distances to the correlator at short times and distances and a renormalized coupling g i (l * ), where since g(l * ) ≪ 1, the latter may be evaluated readily within perturbation theory. The anomalous scaling dimension γ an,0 −2πgI C takes different values in the three regimes shown in Fig. 2 , and is responsible for the distinctly different scaling behavior outside, on and inside the light-cone. We now present results for the correlation function for two cases, one is for the pure-lattice quench (K 0 = K, g = 0), and the second is a simultaneous lattice and interaction quench
Pure lattice quench: This corresponds to K 0 = K or K neq = K eq , but a periodic potential of strength g switched on suddenly at T m = 0. We are interested in the physics in the vicinity of the critical point where K eq = K neq = 2 + δ ∀ 0 < δ ≪ 1. Here we find,
Note that I C (T m = 0) = 0 as the lattice has not had time to affect the correlator. Eq. (26) shows the appearance of scaling in three cases, one is outside the light-cone where,
the second is within the light-cone,
and the third is on the light-cone,
Eq. (23), (26) 
Note that the critical point corresponding to the S = 1/2 Heisenberg chain corresponds to δ = 2πg. Eq. (30) is one of the main results of this paper. It shows the existence of a scaling regime where the correlator at large times or distances is related to the correlator at shorter scales (r/l, T m0 /l) and renormalized couplings g(l), where since g(l ≫ 1) ≪ 1, the latter may be readily evaluated within perturbation theory. We first discuss the behavior of the correlator R at the critical point δ = 2πg, and then discuss its behavior for slight deviations from this critical point such that δ > 2πg.
The correlation function outside the light-cone is determined by setting l = Λ 0 T m0 in Eq. (30), and using
At the critical point δ = 2πg this gives,
The correlation function within and inside the light-cone is obtained by setting l = Λ 0 r in Eq. (30), Moreover noting that R l = rΛ 0 , Tm0 r ≫ 1, g = 0 ∼ O(1) this gives the following correlator inside the light-cone at the critical point,
In a similar way, using R l = rΛ 0 , 2Tm0 r = 1, g = 0 ∼ O(1), the correlator on the light-cone is found to be
Equations (31), (32), (33) are the main results for the correlator for a pure lattice quench at the critical point δ = 2πg. Thus in the prethermalized regime the result Eq. (32) within the light-cone for a pure lattice quench is the same as in the ground state of the Heisenberg chain [35] [36] [37] . In contrast, the quench leads to qualitatively new scaling behavior for spatial separations outside the light-cone (Eq. (31)) and on the light-cone (Eq. (33)). Note that for a pure lattice quench, no dissipative effects are generated to O(g 2 ) 9 , extending the regime of validity of the prethermalized regime.
For slight deviations δ > 2πg from the critical point, we obtain the following correlator outside the light-cone
Thus the correlator outside the light-cone is primarily the one in the initial state with a time-dependent prefactor which depends on the strength g of the periodic potential. Eventually this time-dependence drops off at very long times, with the correlator taking the following steadystate value inside the light-cone,
Unlike the case of the dynamics on the critical point, for slight deviations from the critical point δ > 2πg, the leading asymptote for the correlator on and inside the light-cone is the same. The expressions for the correlators in Eqs. (34), (35) are valid for
, r]) ≫ 1, whereas the universal logarithmic corrections discussed before this in Eqs. (31), (32), (33) are valid for the opposite case of
Simultaneous lattice and interaction quench:
Now we turn to the case where both the Luttinger interaction parameter and the cosine potential is simultaneously quenched at T m = 0. Moreover we are interested in the physics close to the nonequilibrium critical point defined by K neq = 2 + δ, ∀ 0 < δ ≪ 1. This quench corresponds to a final Hamiltonian whose ground state can be in the gapped phase. However due to the quench, since K neq > K eq , the periodic potential is more irrelevant (though it can give rise to inelastic scattering). Thus perturbation theory in the cosine potential may be valid for the nonequilibrium problem, even though it may not hold for determining the properties of the ground state.
For this general quench we find that
where c 1,2 are O(1) and depend on the initial Luttinger parameter K 0 . When K 0 =K, c 1 =1. As before we are interested in the prethermalized regime where 1 ≪ T m < 1/η. We will also assume a small quench where |K eq − K neq | ln T m ≪ 1. In this case, I K ≃ πc 1 is a constant in time. The β function in the vicinity of K neq = 2 + δ becomes
. In addition, I C in Eq. (25) becomes a universal function of the initial Luttinger parameter K 0 and is plotted in Fig. 4 . Using Eq. (31) the correlation function inside the lightcone is found to be
where A = δ 2 − g 2 B 2 . Thus for an interaction and lattice quench, and for A ln r ≫ 1, the correlators decay as a power-law with exponent (1 + A/2). This exponent is not the same as in an interaction quench in a quadratic Luttinger liquid theory which would have been 1 + δ/2. Thus the lattice, even though irrelevant, modifies the decay exponent. In the vicinity of the nonequilibrium critical point A → 0, logarithmic corrections are obtained for A ≪ A ln r ≪ 1, where
This steady-state behavior in the vicinity of the nonequilibrium critical point is significantly different from that near the equilibrium critical point which is [35] [36] [37] √ ln r/r. Let us briefly discuss scaling in the other two regimes, one is on the light-cone and the other is outside the lightcone. For the former we find (38) where
Thus scaling is recovered only if K tr ≤ 0 where I C → 0 or to a constant at large distances. Whereas for K tr > 0 scaling is lost as I C grows with distance, only to be cut-off at r ∼ 1/η where we expect the correlators to begin decaying in a thermal manner.
In contrast to the above, outside the light-cone we find,
Here when K tr ≥ 0, scaling holds outside the light-cone as I C is either a constant or decays to zero for sufficiently large distances. On the other hand when K tr < 0, I C grows with distance. This behavior is opposite to what one finds on the light-cone, and is consistent with the fact that the behavior of the correlator outside the lightcone is primarily determined by the initial wave-function. Thus if the cosine potential is a relevant perturbation in the initial state K tr < 0, then the perturbative corrections are large indicating that perturbation theory may not be valid at large distances outside the light-cone, even though it may be valid inside the light-cone. This behavior is also consistent with the crossover in time of the scaling dimension of V sg discussed earlier in this section. The remaining part of the paper outlines how the above results were obtained. In Section III we reintroduce the model and briefly present results for an interaction quench in the quadratic theory (the Luttinger liquid) in the language of Keldysh Green's functions. These results will be used in later sections when we do perturbation theory in the cosine potential. In Section IV, we do perturbation theory in the cosine potential and derive the β-function to two loop. In Section V we present results for the correlation function within perturbation theory to leading order in the cosine potential. These results set the stage for doing renormalization improved perturbation theory which will be explicitly carried out in Section VI where the CS equation
III. MODEL AND GREEN'S FUNCTIONS FOR THE QUADRATIC THEORY
In order to study quench dynamics of the spin-chain, we employ a bosonization prescription where,
We choose the initial Hamiltonian for t ≤ 0 to be a Luttinger liquid,
while the time evolution from t > 0 is due to the quantum sine-Gordon model,
We will make the assumption that the quench connects the same zero-mode sectors of the initial and final Hamiltonian. In this case, the zero modes corresponding to the first terms in Eq. (40), (41) will not play a role in the dynamics. We study a quench that preserves Galilean invariance i.e., u = v F /K, u 0 = v F /K 0 . At the microscopic level, this corresponds to a quench in the Luttinger model where the g 2 and g 4 interactions equal each other for both the initial and final Hamiltonians (g 2i = g 4i , g 2f = g 4f ) 34 . While this simplifies the algebra, relaxing this requirement is straightforward, and does not change the results in a qualitative way. The three bosonic operators b, η, γ are related by a linear Bogoliubov transformation,
where e −2β0 = K 0 , e −2β = K. Let us define the functions
which determine the time-evolution after the quench (t > 0) for the quadratic theory (g = 0),
Since the system is out of equilibrium, it is convenient to study the problem using the Keldysh formalism. The Keldysh action is,
where S 0 is the quadratic part which describes the physics in the absence of the periodic potential which corresponds to an interaction quench in a Luttinger liquid. In particular at a time t after the quench (note that the fields φ are real),
where 1 = (x 1 , t 1 ), 2 = (x 2 , t 2 ) and
where G R,A,K are the retarded, advanced and Keldysh Green's functions, with
and,
Whereas,
For the quadratic theory after the quench,
Note that G K is logarithmically divergent, but in all physical quantities it is always the combination
2) that appears, which is finite.
Let us define
with the coefficients K eq , K neq , K tr defined in Eq. (13). The above implies that the equal-time correlator is given by (setting u = 1 and Λ = 1/α)
At equal times C ab,m does not depend on the ab indices since G R,A (t, t) = 0. Therefore we have dropped the ab indices.
At positions and times large as compared to the cutoff and far from the light-cone |r ± 2t| ≫ 1 (with r, t measured in units of Λ)
This agrees with Ref. 49 where it was pointed out that outside the light-cone (2t ≪ r) the correlator decays in position in the same way as in the initial state, but with a time-dependent prefactor which goes as t 2Ktr . Moreover within the light-cone r ≪ 2t, the correlator reaches a steady-state value where it decays in position with the new nonequilibrium exponent
In this paper we aim to calculate the correlator R ab = e iγφa(1)/2 e −iγφ b (2)/2 = C ab,m=1/2 at equal times and unequal positions in the presence of the cosine potential. In particular we will derive a CS-like differential equation that will allow us to relate the correlator at large scales of the bare theory, to the correlator at short scales and renormalized couplings, where the latter is well approximated by the correlator of the free theory. Three useful results for the free correlator at short-scales that will be used later are for points within the light-cone r ≪ 2t, Λr ∼ 1, points outside the light-cone r ≫ 2t, Λt ∼ 1 and points on the light-cone r = 2t, Λr ∼ 1. For these three cases using Eq. (65) we find, In this section we discuss how the β-function is derived from the Keldysh action. We split the fields into slow (φ < ) and fast (φ > ) components where the fast components have a large weight at high momentum, and therefore oscillate rapidly in time 8,9,17,33
We integrate out the fast fields perturbatively in the cosine potential. In doing so to O(g 2 ), we obtain
where S < 0 is the quadratic action for the slow fields,
Above δu represents corrections to the velocity, η represents dissipation of the long wavelength modes, and ηT ef f denotes the strength of the noise on the longwavelength modes. Initially, δu = T ef f = η = 0, but in the first step of the RG, as we show below, the cosine potential generates corrections (contained in δS < ) that not only renormalize the interaction parameter K and the velocity u, but also generates the dissipative term (φ q ∂ Tm φ cl ) and noise term (φ 2 q ). The corrections arising from integrating the fast fields are,
Above we have used that cos(a) =: cos(a) : e
where the operators inside the symbol :: are normalordered. Moreover, all expectation values . . . are with respect to the initial state, and therefore depend on the quench. Since the correlators for the full fields is related to the correlator for the slow and fast fields as follows G = G < + G > , the correlator for the fast fields may be related in a simple way to derivatives of the full correlators 56 ,
Explicit expressions for the fast correlators at equal time are
The short and long time limits of [φ > cl (t)] 2 reflect the fact that at short times after the quench, it is the initial wave-function and hence the initial Luttinger parameter K 0 that determines the behavior of the correlators, while at long times, a new nonequilibrium exponent related to K neq determines the behavior.
For the non-local fast correlators, we have
In the next step we define new variables corresponding to center of mass (R, T m ) and relative coordinates (r, τ ),
Since quantities have a slower variation with respect to the center of mass coordinates as compared to the relative coordinates, we perform a gradient expansion in R, T m and obtain
while
where 
Collecting all terms we find,
At the next step we rescale the cut-off back to the original value of Λ, and in the process rescale position and time to R, T m → Λ Λ ′ (R, T m ), where Λ ′ = Λ − dΛ. This rescaling is not necessary in expressions for δS < 0,T ef f ,η as they are already of O dΛ Λ . We also express everything in dimensionless units ofR = ΛR/u,T = T Λ. Thus to summarize one obtains,
(107)
δS η represents dissipation of the long wavelength modes due to the integrated out high momentum modes, and appears as a term proportional to φ q ∂ Tm φ cl , with the strength of the dissipation η(T m ) depending on the time after the quench. δS T ef f represents terms that are proportional to φ 2 q and represents the noise on the long wavelength modes due to the integrated out modes. We denote the strength of this noise as η(T m )T ef f (T m ) because in classical systems, the ratio of the noise and the dissipation strength gives a temperature. Here too, this allows us to define a time-dependent temperature. Defining ln l such that
Therefore the RG equations in terms of dimensionless variables such as
Note that the renormalization of the velocity in Eq. (114) is a minor effect which will be neglected for the rest of the discussion. In Appendix A, the expression for I K,u,η,T ef f are presented in dimensionless units. The physical meaning of the various terms of the β function has been discussed in detail in Section II.
V. PERTURBATIVE EVALUATION OF EQUAL TIME CORRELATION FUNCTION
We now turn to a perturbative evaluation of the correlator R defined in Eq. (7) to O(g). This will set the stage for the remaining sections where RG will be used to improve on this result revealing novel nonequilibrium scaling regimes. Eq. (112) shows that there is a crossover from an intermediate time dynamics where the physics is determined by the initial wave-function (and hence the initial Luttinger parameter K 0 ) and a long time time dynamics determined by K neq . This can result in a situation where perturbation theory in g is violated at intermediate times when
< 2 i.e., when V sg is a relevant perturbation in the initial state. We show below what this implies for R.
Denoting
where R (i) is the correlator to O(g i ), and using results from the previous section, we find
The above gives Eq. (14) in the scaling limit (and setting t = T m ).
To next order the equal time correlator is,
On evaluating the expectation value one finds,
The above expression shows that at microscopically short times
The behavior of R (1) for several different quench protocols is shown in Fig. 5 . Since the initial state is gapless, the correlator is non-zero outside the light-cone (T m < r/2). Moreover, for a quench where the initial state is such that the cosine potential is relevant (
< 2, dashed line in Fig. 5 ), R can be parametrically large at these initial times outside the light-cone indicating that at these initial times perturbation theory in g is not valid. When the initial state is one where the potential is irrelevant or marginally irrelevant (
≥ 2, solid and dotted line in Fig. 5 ), the correlator is most enhanced on the light-cone (r = 2T m ). For all these cases, within the light-cone (T m > r/2) the correlator reaches a steady-state.
We now turn to an RG treatment for the correlator where a CS-like equation will be derived.
VI. DERIVATION OF A CALLAN-SYMANZIK-LIKE DIFFERENTIAL EQUATION OUT OF EQUILIBRIUM
In this section we carry out RG improved perturbation theory and derive a CS-like differential equation for the equal-time correlation function R. We split the fields φ into slow and fast fields, and integrate over the fast fields. In doing so, the leading order (g = 0) correlator R (0) is found to be where R < is the correlator for the slow fields and R is the correlator for all the fields, and
Then we rescale the cut-off, and also rescale position and time. These transformations do not change the above expression. Expanding to O dΛ Λ , and noting that
we obtain the following CS-like equation to leading order,
where Λ 0 is the bare cut-off. Some limiting expressions for γ an,0 are as follows: At long distances and microscopically short times,
At long distances and times and inside the light-cone,
At long distances and times, and outside the light-cone,
At long distances and times, and on the light-cone,
The correlator at next order, R (1) , may also be evaluated by splitting it into slow and fast fields as follows
On integrating out the fast fields, we obtain,
Rescaling the cut-off and correspondingly the position and time, we obtain the following differential equation
Rewriting the zero-order term Eq. (122) for convenience,
and combining Eq. (133), (134), we get
The term in the first square brackets (γ an,0 − 2πgI C ) is the anomalous scaling dimension of the correlator R. The (2 − K neq )dΛ/Λ term in the second square bracket is simply the renormalization of g which has been discussed before in the context of the β-function.
To next order in the cosine potential, we obtain the O(g 2 ) terms of the β-function whose derivation is already discussed in Section IV. Thus to O(g 2 ) the following CS differential-equation for R is obtained,
where g i = g, K, η, T ef f , and Λ 0 , T m0 , g i0 denote bare values. Moreover I C is given by
The usual CS equation encountered in equilibrium for the Heisenberg chain 35-37 may be obtained from above by setting the time after the quench t = ∞, and by setting K 0 = K and by also being at the critical point K eq = 2.
Here, noting that −Im e
1+x 2 cos tan −1 x , one may write
The above integral may be evaluated to give,
Thus for |x 1 − x 2 | ≫ 1,
In the next two sections we will solve the CSequation (136) for two cases, one is when the Luttinger liquid interaction parameter is held fixed, but the cosine or lattice potential is suddenly switched on, and the second is when the Luttinger parameter is changed at the same time as when the lattice potential is switched on.
VII. CORRELATION FUNCTION FOR THE PURE LATTICE QUENCH
In the previous section we showed that in order to determine the correlation function at spatial separation r and a time T m0 after a quench, we need to solve
where g i = g, K, η, T ef f , and Λ 0 , g i0 denote bare values. In this section we will solve Eq. (142) for the lattice quench K 0 = K and near the critical point K eq = 2 + δ, ∀ 0 < δ ≪ 1. For this case, γ an,0 has the following limiting forms
Moreover for K 0 = K and in the vicinity of the critical point, the full expression for I C in Eqs. (137), (138) reduces to
I C has the following different limits already discussed in Section II,
In addition the β-function for a pure lattice quench and using K neq = K eq = 2 + δ is (neglecting velocity renormalization),
The above shows that at short times, I K (T m ≪ 1) = 2πT 2 m + . . ., while at long times I K reaches a steady-state as follows,
(1 + 4T 2 m ) 3 (158) Note that the above expressions show that at long times (T m → ∞) a pure lattice quench does not generate any dissipation and noise, at least to O(g 2 ). This extends the regime of validity of the prethermalized regime which we defined as the regime where time is larger than microscopic time-scales, but smaller than the steady-state inelastic scattering rate (Fig. 3) .
Thus neglecting dissipative and thermal effects, and at macroscopically long times, the β-function simplifies considerably to
with the anomalous dimension given by
As discussed earlier in this section, I C = 1 inside (2T m0 ≫ r) and outside (2T m0 ≪ r) the light-cone, whereas I C = 3/2 for points on the light-cone r = 2T m0 . We will derive expressions for the correlator for two cases separately. The first case is when the final Hamiltonian is on the critical line δ = 2πg, while the second is when the final Hamiltonian is slightly away from the critical line δ > 2πg. For the first case, i.e., on the critical line δ = 2πg, the β function further simplifies to
and the anomalous dimension of the correlator becomes
The explicit forms of I C and γ an,0 in Eq. (23), (26) show that scaling stops when l * = min (Λ 0 r, Λ 0 T m0 ). Thus there are three interesting cases to consider, one for spatial separations outside the light-cone r ≫ 2T m0 , the second is for spatial separations on the light-cone r = 2T m0 , and the third is for spatial separations within a lightcone r ≪ 2T m0 . These three cases are shown pictorially in Fig. 2 , and the corresponding correlators are derived next.
Integrating the the CS-equation upto l * we obtain
Integrating upto l * , the solution of Eq. (161) is
whereas for evaluating the correlator we need
For points outside the light-cone, setting l * = 2Λ 0 T m0 , the correlation function is found to be
Since l * ≫ 1, g(l * ) ≪ g 0 , so that the short-distance correlator may be evaluated perturbatively in the cosine potential. Using the results from Eq. (69) where R r 2Tm0 , T m0 Λ 0 = l * , g = 0 ∼ T m0 /r, we find that the correlator outside the light-cone behaves as
The second interesting case is the behavior of the correlator inside the light-cone where 2T m0 ≫ r. Here integrating upto l * = Λ 0 r, we get
From Eq. (67), R (l * = Λ 0 r, 2T m0 ≫ r, g = 0) = O(1), while using the result that I C = 1 within the light-cone we obtain
At these long times, the explicit dependence on the time after the quench drops out and the correlator reaches a steady-state value. Moreover this result is the same as in the ground state of the final Hamiltonian. Later when we study an interaction and lattice quench, we will see that within the light-cone, a steady-state behavior again arises, however the logarithmic corrections are different those obtained for a system which is in equilibrium, and near the critical point. The third interesting case is for spatial separations on the light-cone where r = 2T m0 . Here integrating up to
Using Eq. (68), and the fact that I C = 3/2 on the lightcone we find
On the light-cone (r = 2T m0 ) the correlator decays somewhat slower than within and outside the light-cone. We now turn to the case where δ > 2πg. Here the solution of Eq. (159) on integrating upto a scale l * (defining
The correlation function therefore is found to be
For points outside the light-cone we set l * = Λ 0 T m0 in Eq. (173), and using Eq. (69) we obtain
For points on the light-cone, or inside the light-cone we set l * = Λ 0 r in Eq. (173) to obtain,
Note that for small deviations away from the critical point such that A 1 ln r ≫ 1, the correlator on the lightcone and inside the light-cone have the same leading behavior in position. This is however not the case for quenches to the critical point where A 1 ln r ≪ 1. Here Eqs. (169) and (171) show that differences arise even in the leading asymptote.
VIII. CORRELATION FUNCTION FOR THE LATTICE AND INTERACTION QUENCH
The β-function shows that an interaction quench K 0 = K changes the location of the critical point to K neq = 2. Since K neq > K eq , this implies that the ground state of the final Hamiltonian can be in the gapped phase, however the quench results in a highly excited and more delocalized state of bosons. In this section we are interested in evaluating the correlator R in the vicinity of this new nonequilibrium critical point. Setting K neq = 2 implies the following relation between K 0 and K,
This implies the following,
When K 0 = K, dissipative effects are generated. However in the prethermalized regime these effects are still weak and may be neglected. Writing K neq = 2 + δ, the RG equations in the prethermalized regime (T m < 1/η) are the following
above we have used that since
K dδ, and K eq is given by Eq. (177) Moreover,
Note that Eqs. (183), (184) are logarithmically divergent (such a divergence does not arise for a pure lattice quench). The reason for this divergence is because we have used leading order perturbation theory to evaluate the correlators that go into I K , whereas, we should have used the correlators from the full theory which correspond to a non-zero dissipation η. Taking this into account, the logarithmic divergence is cut-off by min(T m , 1/η). Denoting the well behaved terms in Eqs. (182), (185) as πc 1 , and using i 2 (∞) =
, we may write,
where c 1,2 are O(1) and depend on K eq and hence K 0 .
In what follows we will consider a prethermalized regime where T m < 1/η, and also weak quenches such that |K eq − K neq | ln T m ≪ 1. In this case, I K ≃ πc 1 and is independent of time. We will solve the RG equations in a regime where the periodic potential is marginally irrelevant g ef f = gB < δ where
The RG flow equations
ef f are characterized by the constant of motion
in terms of which the solution of the RG equations are,
In the vicinity of the nonequilibrium critical point K neq = 2 + δ, ∀ δ ≪ 1, and inside the light-cone, I C is found to be
is a universal function of K eq and hence the initial Luttinger parameter. This results in a universal expression for I C which is plotted in the Fig. 4 for different initial states.
The solution of the CS equation is,
We will solve this first for points within the light-cone 1/η ≫ T m0 ≫ r. For this case, dissipative effects are neglected and the RG equations are integrated upto l = Λ 0 r to give,
On the r.h.s., R being a short-distance correlator, is O(1). Note that
Then,
. The correlation function within the light-cone is given by setting l = Λ 0 r which gives,
For A ln r ≪ 1, we obtain the following logarithmic correction to scaling,
In the above expression the exponent θ = Let us now discuss how I C behaves for spatial separations on the light-cone. Simplifying the full expression for I C in Eqs. (137), (138) by noting that for r ≫ 1, t ≫ 1, r = 2t,
one may write,
The above implies that
Thus the scaling for spatial separations on the light-cone which we found for a pure lattice quench, is lost for a simultaneous lattice and interaction quench when K tr > 0 (i.e.,
> 2). This corresponds to a situation where the cosine potential is an irrelevant perturbation in the initial state. However scaling holds when K tr ≤ 0 where I C either approaches zero at large distances or is a constant. This case of K tr ≤ 0 corresponds to the cosine potential being a marginal or a relevant perturbation in the initial state.
We now turn to the behavior of the correlator for points outside the light-cone. In the previous section we found that for a pure lattice quench, scaling holds outside the light-cone. We would like to explore whether this continues to be the case for a simultaneous lattice and interaction quench. We make the following approximations in Eqs. (137), (138) by noting that for r ≫ 1, t ≫ 1, r ≫ 2t, 
The above implies that outside the light-cone,
Thus outside the light-cone, we find that if K tr > 0, i.e., the cosine potential is an irrelevant perturbation in the initial state, then I C goes to zero with distance as a power-law. However if K tr < 0, then I C grows with distance, and the perturbative correction to the correlation function becomes large. This result is expected as the cosine potential for K tr < 0 is a relevant perturbation in the initial state. Thus perturbation theory at initial times outside the light-cone is violated. An example of this was also discussed in Section V, and shown in Fig. 5 .
IX. SUMMARY AND CONCLUSIONS
We have studied quench dynamics in a generic strongly correlated one dimensional system which is represented by the quantum sine-Gordon model. We develop a novel time-dependent renormalization group approach which reveals that the dynamics after a quantum quench can be quite rich by being characterized by several time-scales (Fig. 3) . One is a perturbatively accessible short time scale (T m ≪ 1/Λ), the second is an intermediate time prethermalized regime where inelastic effects are small (1 ≪ T m ≪ 1/η) and the system can show universal scaling behavior, and the third is a longer time scale (T m ≫ 1/η) where inelastic scattering is strong, leading to thermal behavior. In this paper we explicitly derived a CS-like differential equation (25) for a two-point correlation function, and solved it in the prethermalized regime. This CS equation shows that even in the universal prethermalized regime, three distinctly different scaling regimes can exist that are summarized in Fig. 2 . One is for spatial separations of the local operators outside the light-cone, the other is for spatial separations on the light-cone and the third is for spatial separations inside the light-cone.
When only the cosine potential is quenched, and for a final Hamiltonian H f which is at the critical point, the results for the correlator in the three scaling regimes are given in equations (31), (32) and (33) . Universal logarithmic corrections due to the marginal cosine potential are found, and consistent with the horizon effect, the correlator is most enhanced right on the light-cone. For a final Hamiltonian with parameters that correspond to slight deviations away from the critical point, the result for the correlation function outside the light-cone is given in Eq. (34) , and inside the light-cone is given in Eq. (35) .
For more complicated quenches where the initial Luttinger parameter is quenched at the same time as the cosine potential is switched on, scaling holds within the light-cone, and the results are given in Eqs. (36) and (37) . Whether scaling holds on the light-cone and outside it depends on the initial state (or the initial Luttinger parameter). In particular when the cosine potential is a relevant or marginal perturbation in the initial state, scaling holds on the light-cone, otherwise it is violated. In contrast outside the light-cone, if the cosine potential is a relevant perturbation in the initial state, the perturbative corrections grow with distance. The latter behavior is consistent with our understanding that outside the light-cone the behavior is primarily determined by the initial state. Thus even though the cosine potential may be a marginal or irrelevant perturbation for the final Hamiltonian (or the wave-function at long times after the quench), if it is a relevant perturbation for the initial Hamiltonian, perturbation theory will be violated outside the light-cone.
There are many interesting open questions. One is to generalize the results of this paper to unequal time correlation functions with the aim of studying issues such as aging 28, 30 . The current paper focuses on the prethermalized regime where the main assumption is that inelastic effects being weak, the nonequilibrium boson distribution function generated due to the quench hardly changes in time. The dynamics in the thermal regime, and in particular how the boson distribution function evolves in time due to strong inelastic scattering is also very interesting to study. If the time-scale 1/η is very short (i.e., the quench amplitude is large), so that the prethermalized regime is almost absent, a quantum kinetic equation may be employed to study how the boson distribution function evolves in time 57 . When 1/η is large resulting in a long prethermalized regime, understanding the difficult problem of how the crossover in time from the prethermalized to the thermalized regime occurs, and observing this in numerical studies 58 is also an important open question. It is also interesting to study the regime where the cosine potential is a relevant perturbation either in the initial or final state or both. When the cosine potential is irrelevant in the initial state, but relevant in the final state after the quench, RG may be used to identify a critical time after the quench when perturbation theory breaks down 17 . Studying the time-evolution of two-point correlation functions and also quantities such as the Loschmidt echo when the cosine potential is relevant are important open questions. Finally an interesting direction to pursue is to employ the approach of this paper to study quench dynamics in quantum field theories in higher spatial dimensions.
